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“ the theory ”

“ the observables ”



principles: unitarity,
locality, Poincare

luxuries: supersymmetry, 
extra dimensions, etc.
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“ S-matrix
     program ” 



Gauge symmetry manifests Poincare invariance 
and locality at the cost of redundancy.



-
2 ee[1, 5] ee[3, 4] pe[1, 2]

pp[1, 2] +
2 ee[1, 4] ee[3, 5] pe[1, 2]

pp[1, 2] -
2 ee[1, 3] ee[4, 5] pe[1, 2]

pp[1, 2] +
2 ee[2, 5] ee[3, 4] pe[2, 1]

pp[1, 2] -
2 ee[2, 4] ee[3, 5] pe[2, 1]

pp[1, 2] +
2 ee[2, 3] ee[4, 5] pe[2, 1]

pp[1, 2] -
2 ee[1, 2] ee[4, 5] pe[2, 3]

pp[1, 2] +
2 ee[1, 2] ee[3, 5] pe[2, 4]

pp[1, 2] -
2 ee[1, 2] ee[3, 4] pe[2, 5]

pp[1, 2] +

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2] -

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2] -

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2] +

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3] -

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3] +

2 ee[1, 4] ee[2, 5] pe[2, 3]
pp[2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[2, 3] +

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3] -

2 ee[1, 4] ee[3, 5] pe[3, 2]
pp[2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[3, 4] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3]
pp[3, 4] -

2 ee[1, 4] ee[2, 5] pe[4, 3]
pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 4] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 5] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 4] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[4, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[1, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[2, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[4, 2]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[1, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[1, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[1, 4] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[1, 5] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[1, 5] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[2, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[1, 4] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[1, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[2, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[1, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[1, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[2, 1] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 4] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[1, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[1, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[3, 2] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[1, 2] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[1, 2, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[1, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3, 4] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[3, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 4] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] pe[1, 5] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[4, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 4] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 5] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[4, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 4] pe[2, 3] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3]

Feynman diagrams
( factorization manifest )

Gauge symmetry manifests Poincare invariance 
and locality at the cost of redundancy.

A(1h12h23h34h45h5) =



-
2 ee[1, 5] ee[3, 4] pe[1, 2]

pp[1, 2] +
2 ee[1, 4] ee[3, 5] pe[1, 2]

pp[1, 2] -
2 ee[1, 3] ee[4, 5] pe[1, 2]

pp[1, 2] +
2 ee[2, 5] ee[3, 4] pe[2, 1]

pp[1, 2] -
2 ee[2, 4] ee[3, 5] pe[2, 1]

pp[1, 2] +
2 ee[2, 3] ee[4, 5] pe[2, 1]

pp[1, 2] -
2 ee[1, 2] ee[4, 5] pe[2, 3]

pp[1, 2] +
2 ee[1, 2] ee[3, 5] pe[2, 4]

pp[1, 2] -
2 ee[1, 2] ee[3, 4] pe[2, 5]

pp[1, 2] +

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2] -

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2] -

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2] +

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3] -

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3] +

2 ee[1, 4] ee[2, 5] pe[2, 3]
pp[2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[2, 3] +

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3] -

2 ee[1, 4] ee[3, 5] pe[3, 2]
pp[2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[3, 4] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3]
pp[3, 4] -

2 ee[1, 4] ee[2, 5] pe[4, 3]
pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 4] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 5] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 4] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[4, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[1, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[2, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[4, 2]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[1, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[1, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[1, 4] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[1, 5] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[1, 5] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[2, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[1, 4] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[1, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[2, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[1, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[1, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[2, 1] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 4] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[1, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[1, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[3, 2] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[1, 2] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[1, 2, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[1, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3, 4] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[3, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 4] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] pe[1, 5] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[4, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 4] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 5] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[4, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 4] pe[2, 3] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3]

Feynman diagrams
( factorization manifest )

modern tools
( factorization obscure )

Gauge symmetry manifests Poincare invariance 
and locality at the cost of redundancy.

A(1h12h23h34h45h5) =

A(1+2+3+4+5+) = A(1−2+3+4+5+) = 0

A(1−2+3−4+5+) =
⟨13⟩4

⟨12⟩⟨23⟩⟨34⟩⟨45⟩⟨51⟩

A(1−2−3+4+5+) =
⟨12⟩3

⟨23⟩⟨34⟩⟨45⟩⟨51⟩
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corrections. For the Yang-MiOs Geld it takes the form

V( T""')p ~ —ic.p,P"= —ic.~p(P +P'") . (2.3)
The propagators for the normal and Gctitious quanta
are, respectively,

G~v'v"/p',
G~~aP/P2

(2.4)

(2 5)

with p' being understood to have the usual small
negative imaginary part.
The corresponding quantities for the gravitational

6eld are much more complicated. In this case we shall
employ the momentum-index combinations pq4, p'OT'',
p"p'9", p"'4'"z"'. The vertices must not only be sym-
metric in each index pair but must also remain un-
changed under arbitrary permutations of the momen-
turn-index triplets. At least 171 separate terms are
required in the complete expression for S3 in order to
exhibit this full symmetry, and for 54 the number is
2850. However, these numbers can be greatly reduced
by counting only the combinatorially distinct terms~
and leaving it understood that the appropriate sym-
metrizations are to be carried out. In this way S3 is
reduced to j.1 terms and S4 to 28 terms, as follows:

~ Pyv~'Po' r'~ Pp"X"

symL l~.(p—A""n"~ ") lI'4(p-p'~""~ ")+lI'4(p AP ~" ~ ")+lI'4(p A""~"~ ")+~4(P'P"~""~")
'I'4(p'P "-0" 0"")+'I'3(p'P "-0"'6"')+'~4(p'P"0"'0"')+~ (P'P "n'"0"')+f' (P'P'"0"n"")'

I' (p -p'~" ~"~"")j, (26)

ql p"y"~pc"'x"'

symL —l& (p p'~""0"~'"~'")—l~ (p'p'~""~'"~'")—:I' (p'p'"~"—'I'"~'")+lI' (p p'~"'~"'~'"~'")
y ~P4(p pg»g«g pic~*)+—'P»(prpr7J»g pcg~ 4)+ 'P, (prp'-pyJvrrj pcg& 4) 4p, (p—p'gl rqvr. g pc/&v)
+4~24(p P'n""n"n'"n")+'~24(p'P'n"'n""~")+ '&»(P'P'"n"-'n"'n'")+&24(p P"~'"n""~'")

kI'»(p p—'~"'I"~""~") k&»(p'p—'"~"~""~'")+i~»(pp'0'"9""n'")—2&24(p p'~""~"~"'~")
p2 (prp rgv pg x cg Kcc) P»(p pp Agv cgKP gru') I 24 (p p pg rcrjrpgv x) p~ (p pp cg Alvin

rpriv cc)

+I'4(p p'~"p~" ~"~"") I'»(p'p'~""~—"~"") 2I'»(p p'~"p—~""~"~'") I'»(p'p'—~'"~"'n"")
P (ppp c~hcc~pcr~vr) P (pap p~rp~vc~ccX) P (pcrpvp~rp~Xc~rv)+2+ (p.p ~vcr~rp~kc~ccp) j (2 7)

The "Sym" standing in front of these expressions indi-
cates that a symmetrization is to be performed on each
index pair pp, a.r, etc. The symbol P indicates that a
summation is to be carried out over all distinct permu-
tations of the momentum-index triplets, and the sub-
script gives the number of permutations required in
each case.
Expressions (2.6) and (2.7) can be obtained in a

straightforward manner by repeated functional diGer-
entiation of the Einstein action. This procedure, how-
ever, is exceedingly laborious. A more eKcient (but
still lengthy) method is to make use of the hierarchy
of identities (II, 17.31). It is a remarkable fact that
once 52' is known all the higher vertex functions, and
hence the complete action functional itself, are de-
termined by the general coordinate invariance of the
theory. It is convenient, in the actual computation of
the vertices via (II, 17.31), to invent diagrammatic
schemes for displaying the combinatorics of indices.
Since each reader will devise the scheme which suits

G~ (~P.n-+~P.~- n»~-)/P'-
G~n""/P'.

(2.9)
(2.10)

' The choice of terms is not completely unique since momentum
conservation may be used to replace a given term by other terms.
We give here what we believe (but have not proved} to be the
expressions containing the smallest number of terms.

him best we shall not shackle him by describing one
here. V(e also make no attempt to display S& or any
higher vertices.
The vertex V(;)p has the following form for the

gravitational Geld:
aIIr"

(p )v'

,'Symrt2P" pP"8„'—-P"pP'„g"
+(p.p" p'.p )4'+p'P'4—& 'j (2 g)

where the momentum-index combinations are pp, PY,
p"0"T", and the symmetrization is to be performed on
the index pair o.r. The propagators for the normal and
Gctitious quanta are given by

Gravity suffers also, due to diffeomorphisms.

3pt graviton vertex

4pt graviton vertex
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are, respectively,
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The corresponding quantities for the gravitational

6eld are much more complicated. In this case we shall
employ the momentum-index combinations pq4, p'OT'',
p"p'9", p"'4'"z"'. The vertices must not only be sym-
metric in each index pair but must also remain un-
changed under arbitrary permutations of the momen-
turn-index triplets. At least 171 separate terms are
required in the complete expression for S3 in order to
exhibit this full symmetry, and for 54 the number is
2850. However, these numbers can be greatly reduced
by counting only the combinatorially distinct terms~
and leaving it understood that the appropriate sym-
metrizations are to be carried out. In this way S3 is
reduced to j.1 terms and S4 to 28 terms, as follows:
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P (ppp c~hcc~pcr~vr) P (pap p~rp~vc~ccX) P (pcrpvp~rp~Xc~rv)+2+ (p.p ~vcr~rp~kc~ccp) j (2 7)

The "Sym" standing in front of these expressions indi-
cates that a symmetrization is to be performed on each
index pair pp, a.r, etc. The symbol P indicates that a
summation is to be carried out over all distinct permu-
tations of the momentum-index triplets, and the sub-
script gives the number of permutations required in
each case.
Expressions (2.6) and (2.7) can be obtained in a

straightforward manner by repeated functional diGer-
entiation of the Einstein action. This procedure, how-
ever, is exceedingly laborious. A more eKcient (but
still lengthy) method is to make use of the hierarchy
of identities (II, 17.31). It is a remarkable fact that
once 52' is known all the higher vertex functions, and
hence the complete action functional itself, are de-
termined by the general coordinate invariance of the
theory. It is convenient, in the actual computation of
the vertices via (II, 17.31), to invent diagrammatic
schemes for displaying the combinatorics of indices.
Since each reader will devise the scheme which suits

G~ (~P.n-+~P.~- n»~-)/P'-
G~n""/P'.

(2.9)
(2.10)

' The choice of terms is not completely unique since momentum
conservation may be used to replace a given term by other terms.
We give here what we believe (but have not proved} to be the
expressions containing the smallest number of terms.

him best we shall not shackle him by describing one
here. V(e also make no attempt to display S& or any
higher vertices.
The vertex V(;)p has the following form for the

gravitational Geld:
aIIr"

(p )v'

,'Symrt2P" pP"8„'—-P"pP'„g"
+(p.p" p'.p )4'+p'P'4—& 'j (2 g)

where the momentum-index combinations are pp, PY,
p"0"T", and the symmetrization is to be performed on
the index pair o.r. The propagators for the normal and
Gctitious quanta are given by

Gravity suffers also, due to diffeomorphisms.

3pt graviton vertex

4pt graviton vertex

3pt graviton amplitude

4pt graviton amplitude

M(1−2−3+) =
⟨12⟩6

⟨13⟩2⟨32⟩2

M(1−2−3+4+) =
⟨12⟩4[34]4

stu



Redundancy is not an affliction of spin.  Not even 
scalars are safe. Consider on-shell amplitudes in

At 3pt, 4pt, 5pt, … you will find they are all zero!

ℒ =
1
2

(∂ϕ)2g(ϕ)



Field redefinitions: a non-symmetry of the action 
that leaves the S-matrix invariant.

where

Redundancy is not an affliction of spin.  Not even 
scalars are safe. Consider on-shell amplitudes in

At 3pt, 4pt, 5pt, … you will find they are all zero!

ℒ =
1
2

(∂ϕ)2g(ϕ) ℒ =
1
2

(∂ϕ)2

f(ϕ) ϕ f′ (ϕ)2 = g(ϕ)



ℒ1 ℒ2 ℒ∞⋯

Thus, Lagrangians are infinitely redundant!

The fields of QFT are integration variables of the 
path integral.  You can always change variables.

Z[J] ∼ ∫ [dϕ] eiS[ϕ]+i ∫ Jϕ

S-matrix



hidden structure #1:
double copy



Bern, Carrasco, and Johansson (BCJ) discovered a 
hidden duality structure in gauge theory + gravity.

( gauge )  = gravity2

Color - Kinematics Duality: scattering exhibits an 
isomorphism between color and kinematics.

Double Copy: swapping color for kinematics 
yields the correct amplitudes of new theories.



3pt gluon 3pt graviton

In three-particle scattering, double copy is trivial.

M(1−2−3+) =
⟨12⟩6

⟨13⟩2⟨32⟩2

M(1+2+3−) =
[12]6

[13]2[32]2

A(1−
a 2−

b 3+
c ) =

⟨12⟩3

⟨13⟩⟨32⟩
fabc

A(1+
a 2+

b 3−
c ) =

[12]3

[13][32]
fabc

Simply replace  with the kinematic structure.fabc



cs + ct + cu = 0 ns + nt + nu = 0
( mathematical identity )

Here , ,  are non-unique functions of , 
,  that satisfy kinematic Jacobi identities.

ns nt nu pipj
piej eiej

A4 =
csns

s
+

ctnt

t
+

cunu

u

cs = fabe fcde ct = fbce fade cu = fcae fbde

In four-particle scattering, we see a small miracle.

( true on-shell )



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

Bern, Carrasco, Johansson (0805.3993)



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

Bern, Carrasco, Johansson (0805.3993)

4pt gluon
( polarization =  )eμ



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
n2

s

s
+

n2
t

t
+

n2
u

u

Bern, Carrasco, Johansson (0805.3993)

“ double copy ” 

4pt graviton
( polarization =  )eμeν

4pt gluon
( polarization =  )eμ



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
n2

s

s
+

n2
t

t
+

n2
u

u

Bern, Carrasco, Johansson (0805.3993)

“ double copy ” 

4pt graviton
( polarization =  )eμeν

4pt gluon
( polarization =  )eμ

Double copy is proven at tree + recycled to loop 
integrands via unitarity to SUGRA, and LIGO. 



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
nsñs

s
+

ntñt

t
+

nuñu

u

Bern, Carrasco, Johansson (0805.3993)

4pt gluon
( polarization =  )eμ

4pt graviton +
two-form + dilaton
( polarization =  )eμẽμ̃

Double copy is proven at tree + recycled to loop 
integrands via unitarity to SUGRA, and LIGO. 

“ double copy ” 



5 A WEB OF DOUBLE-COPY-CONSTRUCTIBLE THEORIES

Gravity Gauge theories Refs. Variants and notes

N > 4
supergravity

• N = 4 SYM theory
• SYM theory (N = 1, 2, 4) [1, 2, 31, 291,

292]

N = 4
supergravity with
vector multiplets

• N = 4 SYM theory
• YM-scalar theory from dim.

reduction
[1, 2, 31, 293]

• N = 2 ◊ N = 2 construction
is also possible

pure N < 4
supergravity

• (S)YM theory with matter
• (S)YM theory with ghosts [188] • ghost fields in fundamental rep

Einstein gravity
• YM theory with matter
• YM theory with ghosts [188]

• ghost/matter fields in
fundamental rep

N = 2
Maxwell-Einstein
supergravities
(generic family)

• N = 2 SYM theory
• YM-scalar theory from dim.

reduction
[120] • truncations to N = 1, 0

• only adjoint fields

N = 2
Maxwell-Einstein
supergravities
(homogeneous
theories)

• N = 2 SYM theory with half
hypermultiplet

• YM-scalar theory from dim.
reduction with matter fermions

[121, 294] • fields in pseudo-real reps
• include Magical Supergravities

N = 2
supergravities with
hypermultiplets

• N = 2 SYM theory with half
hypermultiplet

• YM-scalar theory from dim.
red. with extra matter scalars

[121, 240]
• fields in matter representations
• construction known in

particular cases

N = 2
supergravities
with vector/
hypermultiplets

• N = 1 SYM theory with chiral
multiplets

• N = 1 SYM theory with chiral
multiplets

[239, 241, 295] • construction known in
particular cases

N = 1
supergravities with
vector multiplets

• N = 1 SYM theory with chiral
multiplets

• YM-scalar theory with fermions

[188, 239, 241,
295]

• fields in matter reps
• construction known in

particular cases

N = 1
supergravities with
chiral multiplets

• N = 1 SYM theory with chiral
multiplets

• YM-scalar with extra matter
scalars

[188, 239, 241,
295]

• fields in matter reps
• construction known in

particular cases

Einstein gravity
with matter

• YM theory with matter
• YM theory with matter [1, 188] • construction known in

particular cases
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R + „R
2 + R

3

gravity
• YM theory + F

3 + F
4 + . . .

• YM theory + F
3 + F

4 + . . .
[296]

• extension to N Æ 4 replacing
one of the factors by undeformed
SYM theory

Conformal
(super)gravity

• DF
2 theory

• (S)YM theory [152, 153]
• N Æ 4
• involves specific gauge theory

with dimension-six operators

3D maximal
supergravity

• BLG theory
• BLG theory [119, 243, 297] • 3D only

Table 4: Non-inclusive list of ungauged gravities and supergravities for which a double-copy
construction is presently known. Theories are given in four dimensions unless otherwise stated.

gauged. While this program has not yet been completed, important progress has been
made in formulating double-copy constructions for theories which include, among others,
pure supergravities, homogeneous N = 2 Maxwell-Einstein supergravities, homogeneous
N = 2 theories with hypermultiplets, large classes of YME or gauged theories, and conformal
supergravities. A list of ungauged and gauged theories for which a double-copy construction
is currently known can be found in Table 4 and Table 5, respectively. Gauge theories
with fields in various matter (non-adjoint) representations of the gauge group are a rather
common building block for this class of extended constructions. Useful tools for treating
matter representations in a way that makes manifest color and numerator relations will be
introduced in Sec. 5.2. We will then discuss systematics of the process of identifying the
gravity theory given, through double copy, by a pair of gauge theories and study several
examples in Sec. 5.3.

Double-copy constructibility is a property that goes beyond gravitational theories. Vari-
ous theories without a graviton, most prominently some variants of the DBI theory have also
been shown to possess this property (see Table 6). We shall briefly review their construction
in Sec. 5.3.11.

5.1 The rules of the game
To capture as many gravities as possible, we need to consider gauge theories which are more
general than the ones discussed at length in previous sections. At the same time, having
in mind a double-copy construction which leads to a sensible gravity theory with desirable
basic properties, it makes sense to impose some requirements on the gauge theories under
consideration. Some additional requirements will also be imposed for simplicity reasons; in
both cases, one can contemplate generalizations in which some of the stated rules of the
game bent or broken.

First of all, for simplicity, we choose to focus on theories for which amplitudes can be
organized exclusively in terms of cubic graphs. This is a natural generalization of the gauge
theories from the previous sections, which possess this property, and is a natural choice for
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Gravity Gauge theories Refs. Notes

YME
supergravities

• SYM theory
• YM + „

3 theory

[120, 125, 133,
134, 140, 214,
216, 257, 283,
285, 289]

• trilinear scalar couplings
• N = 0, 1, 2, 4 possible

Higgsed
supergravities

• SYM theory (Coulomb branch)
• YM + „

3 theory with extra
massive scalars

[122] • N = 0, 1, 2, 4 possible
• massive fields in supergravity

U(1)R gauged
supergravities

• SYM theory (Coulomb branch)
• YM theory with SUSY broken

by fermion masses
[123]

• 0 Æ N Æ 8 possible
• SUSY is spontaneously broken
• only theories with Minkowski

vacua

gauged
supergravities
(nonabelian)

• SYM theory (Coulomb branch)
• YM + „

3 theory with massive
fermions

[284]
• SUSY is spontaneously broken
• only theories with Minkowski

vacua

Table 5: Gauged/YME gravities and supergravities for which a double-copy construction is
presently known.

describing gravities that are entirely specified by their three-point interactions. Hence, we
restrict the space of gauge theories under consideration according to the following rule:

Working Rule 1: Consider gauge theories with only cubic invariant tensors or,
alternatively, theories for which amplitudes can be organized in terms of cubic
graphs.

Allowed invariant tensors will include, for example, structure constants, representation ma-
trices and cubic Clebsch-Gordan coe�cients. It should be emphasized that the gauge the-
ories under consideration can and will possess quartic vertices. Our requirement constrains
higher-point interaction vertices to be made of color building blocks which are cubic. If this
property is satisfied, amplitudes can be expressed in terms of cubic graphs by including a
suitable number of inverse propagators in the numerator factors. While this rule is quite
desirable for the sake of simplicity, it can in principle be broken. A notable violation are the
the Bagger-Lambert-Gustavsson (BLG) and Aharony-Bergman-Je�eris-Maldacena (ABJM)
theories, which are most naturally organized in terms of quartic graphs [119, 243, 297].

Within the class of cubic theories, however, we need to consider cases which are as general
as possible. This motivates the second rule:

Working Rule 2: The gauge theories will include matter fields transforming in
general (not necessarily irreducible) representations of the gauge group (which is
not necessarily semisimple). Only one adjoint representation will be allowed.

Considering general gauge groups and representations will allow us to capture very large
families of (super)gravities which would not otherwise be accessible through double-copy
methods. The main observation is that there is nothing in the double-copy construction

65

5 A WEB OF DOUBLE-COPY-CONSTRUCTIBLE THEORIES

Double copy Starting theories Refs. Variants and notes

DBI
theory

• NLSM
• (S)YM theory

[125, 126, 285,
298–301]

• N Æ 4 possible
• also obtained as –

Õ æ 0 limit
of abelian Z-theory

Volkov-Akulov
theory

• NLSM
• SYM theory (external fermions) [125, 302–308] • restriction to external fermions

from supersymmetric DBI

Special Galileon
theory

• NLSM
• NLSM

[125, 285, 301,
306, 309]

• theory is also characterized by
its soft limits

DBI + (S)YM
theory

• NLSM + „
3

• (S)YM theory

[125, 126, 156,
285, 298–300,
306, 310]

• N Æ 4 possible
• also obtained as –

Õ æ 0 limit
of semi-abelianized Z-theory

DBI + NLSM
theory

• NLSM
• YM + „

3 theory
[125, 126, 156,
285, 298–300]

Table 6: List of non-gravitational theories constructed as double copies.

that requires that representations be divided into irreducible blocks. At the same time, we
want to obtain theories with a single graviton. This forces us to combine all gauge-theory
gluons in a single adjoint representation, even when the gauge group is the product of several
factors each possessing its own adjoint representation. In case of more than one semi-simple
factor in the gauge group, we need to take all gauge coupling constants to be the same. Since
all fields in the gauge theory have canonical couplings with gluons, our second rule can also
be regarded as the double-copy incarnation of the Equivalence Principle.

Additionally, massive fields are typically assigned to non-adjoint representations such
that all the fields in a given representation have the same mass. This will be accompanied
by mass-matching conditions of the spectrum of the two sides of the double copy.

Combining the first two rules, we obtain a generic amplitude structure that involves cu-
bic graphs in which internal and external legs carry definite representations of the gauge
group. Cubic vertices between three representations are allowed only when it is possible
to extract a gauge singlet in their tensor product (or, alternatively, there exist a nonvan-
ishing invariant tensor with the three corresponding indices). Whenever a vertex involves
two lines carrying the same representation, its symmetry or antisymmetry will be dictated
by the representations under consideration (real representations will imply antisymmetry,
pseudo-real representation will imply symmetry). Additionally, color factors will obey three-
term identities following from the Jacobi relations, the generators’ commutation relations
and additional algebraic relations which may also involve the Clebsch-Gordan coe�cients.
Consequently, the duality between color and kinematics must to be imposed in the following
way:
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Double copy is weirdly ubiquitous among “nice” 
theories with very few coupling constants.

Bern, Carrasco, Chiodaroli, Johansson, Roiban (1909.01358)
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•  gluon ⊗ gluon  =  graviton

•  pion ⊗ pion  =  special Galileon

•  gluon  ⊗  pion  =  Born-Infeld photon

Is the double copy just the tetrad formalism? No.
Is it just open/closed string duality? Unclear.  
Anyway, a QFT fact deserves a QFT explanation.

Double copy transcends gauge theory + gravity!
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The double copy is a proven fact about on-shell, 
flat-space, tree-level scattering amplitudes.

Why is it true?  When is it true?

•  which theories? •  curved spacetime?

•  non-perturbatively?

•  higher-loops? •  classical solutions?

We don’t understand double copy.  And the stakes 
are not low: ( lattice QCD )  = QG ?2



Case in point, consider double copy amplitude for 
the theory of the graviton + two-form + dilaton.

M4 =
nsñs

s
+

ntñt

t
+

nuñu

u

So there is an amplitudes representation with two 
Lorentz invariances acting on  and  indices.μ μ̃

functions of eμ, pμns, nt, nu =

functions of ẽμ̃, pμ̃ñs, ñt, ñu =



arbitrary

Can the double Lorentz invariance of gravity be 
made explicit in the off-shell action?

CC, Remmen (1612.03927)

We can exploit the freedom of field basis and 
gauge fixing which leaves amplitudes unchanged.

SEH = ∫ ddx −g ( R
16πG

+ LGF)
gμν = ημν + hμν + O(h2) + O(h3) + ⋯



CC, Remmen (1612.03927)

The resulting action is remarkably compact.

SEH =
1

16πG ∫ ddx ∂AΣCE∂BΣDE ( 1
16

ΣABδC
D −

1
4

ΣCBδA
D)

ΣAB = (eH)AB

ΣAB = (e−H)AB
∂A = ( ∂μ , ∂μ̃ )HAB = (

0 hμν̃

hμ̃ν 0 )
The off-shell Feynman diagrams have a doubled 
Lorentz invariance and the on-shell amplitudes 
have a doubled gauge symmetry.

d + d
d + d



hidden structure #2:
unification via gravity



graviton

gluon BI photon

pionscalar ϕ3 Galileon

CC, Shen, Wen (1705.03025)

The graviton S-matrix encodes gluons, pions, etc.

higher
spin

lower
spin



SO(10)

SU(5) SU(4) ⊗ SU(2)2

SU(3) ⊗ SU(2) ⊗ U(1)

This is distinct from textbook grand unification.

higher
energy

lower
energy



massless

transverse

helicity basis

To begin, we think of gluon tree amplitudes as 
abstract functions of kinematic invariants.

Crucially, we maintain the on-shell conditions.

A = eμ1
1 eμ2

2 ⋯ eμn
n Aμ1μ2⋯μn

scalar function of= pipj, piej, eiej

pipi = piei = eiei = 0



Here we recast the Ward identity as a differential 
operator that annihilates the amplitude.

A physical on-shell amplitude satisfies several 
constraints.  The first is the Ward identity.

A
ei=pi

= Wi A = 0

Wi = ∑
v=pj, ej

(piv)
∂

∂ (vei)



The second constraint is typically trivial: total 
momentum conservation.

Pv A = 0

As before, we can define an operator for this 
property of the amplitudes.

Pv = ∑
i

piv



If the operator satisfies the conditions,

then if  is gauge invariant and momentum-
conserving then so too is .

A
T ⋅ A

[ Wi , T ] ∼ 0 [ Pv , T ] ∼ 0

Wi ⋅ ( T ⋅ A ) = 0 Pv ⋅ ( T ⋅ A ) = 0

Now let us construct an operator  that acts on 
the amplitude  to produce a new one .

T
A T ⋅ A



Tij =
∂

∂ (eiej)

Ti = ∑
j

pipj
∂

∂ (pjei)

Tijk =
∂

∂ (piej)
−

∂
∂ (pkej)

2 gluon → 2 scalar

1 gluon → 1 scalar

1 gluon → 1 pion

From these vanishing commutators we derive the 
“transmutation operators”.

We proved transmutation for all graviton, gluon, 
pion tree amplitudes + explicit checks up to 8pt.



T12 ⋅ T34 ⋅ A(g1, g2, g3, g4) = [ ∂
∂ (e1e2)

∂
∂ (e3e4) ] A(g1, g2, g3, g4)

Example #1: YM to SQED

=
p1p3

p1p2
= A(ϕ1, ϕ2, ϕ3, ϕ4) =

Extracting the  term is dimensional 
reduction to two new flavors of charged scalars.

(e1e2)(e3e4)

eμ
1 = eμ

2 = (0,1,0) eμ
3 = eμ

4 = (0,0,1)
d + 1 + 1 d + 1 + 1



Example #2: YM to NLSM

T14 ⋅ T2 ⋅ T3 ⋅ A(g1, g2, g3, g4) = [ ∂
∂ (e1e4)

⋯] A(g1, g2, g3, g4)

= p1p3 = A(π1, π2, π3, π4) =

We can recast pions as oddly polarized gluons 
under dimensional reduction.

eμ
1 = eμ

2 = (0,1,0) eμ
2 = (pα

2 ,0,ipβ
2 )

d + 1 + d d + 1 + d

eμ
3 = (pα

3 ,0,ipβ
3 )

d + 1 + d



graviton

gluon BI photon

pionscalar ϕ3 Galileon

CC, Shen, Wen (1705.03025)

“ gravity = mother of all theories ”

higher
spin

lower
spin



applications to
gravitational waves



perturbation theory 
is applicable here

The binary black hole merger has three phases.

figure from  1610.03567



v2 ∼
GM

r
≪ 1

which is tiny and perturbatively calculable during 
the inspired phase of the merger.

The so-called “post-Minkowskian” expansion 
parameter is , and we call it perturbation theory.G

State-of-the-art perturbative computations in 
gravitational wave physics center on the “post-
Newtonian” expansion, based on
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Can amplitudes give an efficient and scaleable 
path to higher PN?  Naively, there are issues.

•  black holes    SYM gluons≠

•  LIGO does not observe scattering

(double copy, recursion, etc. all apply to masses)

(NRQCD solved the amplitudes - potentials map)

All these puzzles have been surmounted.  New 
results on conservative dynamics, radiation, spin, 
finite size effects are appearing swiftly.



Atree

full theory

effective BH 
Lagrangian

EFT loop
amplitude

integral
representation

BH / graviton
tree amplitudes 

full loop
amplitude

effective theory

amplitudes
methods

integral
representation

generalized
unitarity

build
ansatz

Feynman
diagrams

multi-loop
integration

multi-loop
integrationidentical

physics

V(p, q)

A = ∑
i

d(i)I(i) AEFT = ∑
i

d (i)
EFTI(i)

A(p, q) AEFT(p, q)=



gluons

gravitons

massless scalars + gravitons

massive scalars + gravitons

Agrav = AYM ⊗ AYM

Aϕ1ϕ2+grav =
∂Agrav

∂(e1e2)

Aϕ′ 1ϕ′ 2+grav = Aϕ1ϕ2+grav
p1p2 → p1p2 − m1m2

 ( double copy )

 ( transmute )

 ( add mass )
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respectively, and have included the nonrelativistic nor-

malization factor, 1/4E1E2, where E1,2 =
q

p2 +m
2

1,2.

We also define the total mass m = m1 + m2, the
symmetric mass ratio ⌫ = m1m2/m

2, the total energy
E = E1 +E2, the symmetric energy ratio ⇠ = E1E2/E

2,
the energy-mass ratio � = E/m, and the relativistic
kinematic invariant � = p1·p2

m1m2
. Note that the sinh�1

factor is proportional to the sum of particle rapidities,
tanh�1

|p|/E1,2.

Eq. (8) only includes q-dependent terms which persist
in the classical limit. In particular, the log q2 term ulti-
mately feeds into the conservative Hamiltonian through
the Fourier transform [log |q|]

FT
= �

1

4⇡|r|3 , while the re-
maining IR divergent piece cancels in the EFT matching.
For completeness, we present expressions for the latter in
dimensional regularization, keeping only the classically
relevant terms in the small-|q| expansion,

F1 =

Z
d
3�2✏k

(2⇡)3�2✏

e
(�E�log 4⇡)

X
2
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� log(16q2)
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Z
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(2⇡)3�2✏

e
2(�E�log 4⇡)

X
2

1
Y1X
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128p2q2⇡2
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✏2
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✏
log q2 + 2 log2 q2

�
⇡
2

6

�

+
i

64⇡|q||p|3
�

1

256⇡2p4
log q2

, (9)

dropping terms at O(|q|0) or higher and expressing the
integrands in the notation of Ref. [20]. While the O(✏)
contributions to the coe�cients of these integrals are
needed to obtain the full amplitude in dimensional reg-
ularization, our integrand-level IR subtraction bypasses
this issue.
The Hamiltonian is extracted from the amplitude us-

ing the EFT method developed in Refs. [20, 21, 33] (see
Ref. [34] for another approach). In particular, consider
massive spinless particles interacting via the center of
mass Hamiltonian

H(p, r) =
q
p2 +m

2

1
+
q

p2 +m
2

2
+ V (p, r),

V (p, r) =
1X

i=1

ci(p
2)

✓
G

|r|

◆i

,

(10)

where r is the distance vector between particles and i

runs over the PM expansion. Note that the form of
the above Hamiltonian implicitly fixes a gauge in which
terms involving p · r or time derivatives of p are absent.
We then compute the scattering amplitude of massive

scalars, M (EFT) =
P1

i=1
M

(EFT)

iPM
, where M (EFT)

3PM
receives

contributions from diagrams with two or fewer loops de-
pending on c1, c2, and c3. In Ref. [20], the coe�cients c1
and c2 were extracted analytically to all orders in veloc-

ity. Inserting these into M
(EFT)

3PM
e↵ectively implements

the subtraction of iterated contributions. By equating

M
(EFT)

3PM
= M3PM, we solve for the 3PM coe�cient c3.

The main result of the present work is the 3PM poten-
tial, encapsulated by the coe�cients
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(11)

where for convenience, the expressions for c1 and c2 in
Ref. [20] are reproduced here with slightly di↵erent nor-
malization and in our current notation. As emphasized
in Ref. [20], the cancellation of IR divergences between

M
(EFT)

3PM
and M3PM depends critically on c1 and c2 and

thus provides a nontrivial check of our calculation.

Consistency checks. Our results pass several highly non-
trivial consistency checks (see Ref. [23] for more details).
First and foremost, we have verified that the 4PN terms

in our Hamiltonian are physically equivalent to known
results up to a canonical coordinate transformation,

(r,p) ! (R,P ) = (A r +B p, C p+D r)

A = 1�
Gm⌫

2|r|
+ · · · , B =

G(1� 2/⌫)

4m|r|
p · r + · · · ,

C = 1 +
Gm⌫

2|r|
+ · · · , D = �

Gm⌫

2|r|3
p · r + · · · ,

(12)

infrared divergent integrals. Performing this matching procedure, we obtain the classical

conservative Hamiltonian at 3PM order

H
3PM(p, r) =

q
p2 + m

2

1
+

q
p2 + m

2

2
+ V

3PM(p, r) , (10.8)

with potential

V
3PM(p, r) =

3X

n=1

✓
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cn(p2) , (10.9)
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(10.10)

The variables used in Eq. (10.10) are defined below Eq. (9.3) and in Appendix A. Note

that plugging in c1 and c2 into the IR divergent integrals in Eq. (10.6) exactly reproduces

the IR divergent integrals in Eq. (9.3). This explicitly demonstrates the cancellation of IR

artifacts in the matching between full theory and the EFT.

The Hamiltonian in Eq. (10.8) contains a mass singularity, reflecting the mass singu-

larity in the amplitude (9.3). Taking both masses small, the arcsinh term in c3 dominates

and gives

H
3PM(p, r) ! �64

G
3p4

|r|3 ln
m1m2

4p2
+ · · · = �4

G
3
s
2

|r|3 ln
m1m2

s
+ · · · , (10.11)

where we display only the singular term. As we explain in Sec. 12, this singularity is

consistent with the known absence of collinear singularities in gravitational theories [161]

because the small mass and small momentum transfer limits do not commute.

11 Consistency Checks

Our calculation of the 3PM Hamiltonian exploits a number of novel techniques. To vali-

date the result, we have performed several consistency checks against known results such

as the 4PN Hamiltonian, the Schwarzschild solution, and the 4PN and 2PM scattering an-

gles. These are of course not all independent but nevertheless it is satisfying to reproduce

multiple results in the literature.
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These amplitudes methods are now state-of-the-
art approach for the PM conservative potential.



conclusions



•  Scattering amplitudes have uncovered hidden 
structures lurking inside real-world theories like 
gravitons, gluons, and pions.

•  In my view, these structures should be visible as 
symmetries or principles in an action.  Some 
progress has been manifesting enhanced Lorentz 
and color-kinematics symmetries.

•  Double copy, generalized unitarity and EFT 
have together led to state-of-the-art results for 
gravitational wave physics, with more to come!



thank you!




